Abstract. Steady vortex ows past a circular cylinder are obtained numerically as solutions of the partial di erential equation = f. We illustrate several classes of solutions.
Introduction.
We study here the classic problem of steady-state, two dimensional inviscid ow past a blu body. To x ideas we h a ve restricted attention to symmetric ow past a circular cylinder|all further discussion will be concerned with the equivalent o w in a half space with a semicircular bump. We consider ows in which there is either a single region of constant v orticity o r m ultiple regions in the case where the values of both the vorticity ,! and the stream function on the boundary of the vortex regions are the same for all regions. There is a surprisingly rich structure for the possible solutions to this problem, and we believe that the clarity obtained justi es these restrictions.
Three types of vortex regions occur. These are attached" vortices in which the vortex region is connected to the boundary, isolated" vortices in which the vortex region stands away from the boundary, and strips" of vorticity extending to in nity along the streamline of symmetry. These three types of solutions will correspond to di erent c hoices of the value of the stream function on the boundary of the vortex. This parameter is prescribed in the partial di erential equation satis ed by the stream function. The boundary of the vortex is found by observing where the stream function assumes this value.
In much recent literature, Newton's method has been used to numerically nd steady although possibly time-unstable ow con gurations. The numerical method used here is unusual in that it can nd such ows e ectively through fast nonNewton-based iterations. The mathematical problem is here discretized using direct iteration along with a fast Poisson solver at each iteration step. In the basic algorithm that we use the vortex area is xed and we use this as a continuation parameter in some of our computations. Area can be related to the physical parameters of circulation and vorticity, and these are used in an essential way in relating the three kinds of vortices and in mapping out the set of solutions.
Point vortices play an essential role in a part of our picture, in particular the solutions known as F oppl vortices and the translating vortex pair. Isolated vortices with circulation xed and decreasing area are found to approach point v ortices. We have found families of vortices connecting attached vortices and point v ortices.
The solution method that we use might be viewed as vortex capturing" since no a priori assumption is made about the nature of the boundary of the vortex region. The iteration that we use allows arbitrary initial guesses for the vortex, and we have found only solutions in the families that we describe in our computations.
The problem of nding inviscid ows with regions of constant v orticity has been well studied, and we will not try to give a n y general set of references, referring the reader to the recent book 23 . On the other hand, we will mention several works that bear more or less directly on what is reported here. The solution method that we use is related to that used in 15 . A ow in which there may also be a vortex sheet was proposed by Tagano and computed in 22 , 19 and 4 . Such ows in the full half-plane are generally referred to as Sadovskii ows. This model problem has great signi cance, in the case in which there is no vortex sheet, in studies of the large Reynolds number limit of the steady Navier-Stokes equations 11 , and has been computed in 21 , 25 and 27 . The inviscid ows in these references were computed using boundary integral methods for determining the boundary of a vortex, a method related to contour dynamics. It is inherent in these methods that some a priori assumption must be made about the vortex boundary. Variational methods can also be used. For theoretical results extensive w ork has been done by Burton, eg. 2 , using ideas proposed by Benjamin 1 . See also 8 , 13 . Computations have been done in 26 , 6 , and 7 . Results for vortex pairs in which point v ortices are connected with vortices attached to the boundary have been studied in 20 , 27 .
The paper is organized as follows. In section two the equations to be solved are given and the numerical methods used are explained. In section three the results for the three kinds of vortices are presented. In section four a discussion of reults is given.
Formulation of Equations and Numerical Methods.
Since the steady two dimensional Euler equations are equivalent to a functional dependence between the scalar vorticity and a steam function for the ow 17 , we may seek solutions by solving the partial di erential equation However, we will consider here only the special case f = !F , , F = 1 , H, H the Heaviside function, where and ! 0 are constants. This corresponds to a constant v orticity ,! in the region where , and irrotational ow elsewhere this is in agreement with the Prandtl-Batchelor theorem describing possible limit ows for increasing Reynolds numbers. If the function f is monotone, iteration is a natural way t o seek solutions of 2.
1. An early implementation of this idea was made by Goldshtik 15 : In that work solutions were found that correspond to vortices attached to the boundary of a bounded domain. In a recent w ork 9 two of the authors have studied families of solutions that contain those of 15 a s well as isolated vortices and ows with nonzero vorticity on the in ow and out ow
boundaries. An arbitrary monotone f was allowed. The solutions were found by applying successive approximations to 2.1, and an essential role was played by the initial guess. As in 15 , the successive iterants could be characterized in terms of their level sets, and the successive approximations formed a monotone sequence. In 15 and in 9 the boundedness of the domain was required in order that the mathematical argument be carried out.
We have chosen to focus here on a single geometric con guration, the ow in a half space past a semicircular bump. The ow extends by symmetry to ow past a circular cylinder. In choosing this ow domain we have eliminated the need to map out geometric dependencies. The set of solutions found is rich enough to justify focusing on this single geometry; with more parameters to vary a clear presentation of results would be much more di cult. In addition, as will be seen below, we can make a simple coordinate transformation which a voids the need for mesh re nement or subtraction of singularities at corners in the ow domain in our numerical solution.
For this unbounded domain we know of no mathematical work guaranteeing the existence of solutions. Furthermore, implementing the monotone iterations described above proved troublesome and delicate: the iterated vortex regions either lled the computational domain or disappeared. We have instead used iterations in which ! is allowed to vary and the area of the vortex region is held xed. More precisely, w e solve n+1 = ! n F n , ;
2.2 where ! n is chosen so that the area of the vortex, A = jf n gj;
is a xed prescribed value. This is accomplished in an inner iteration in which ! is raised or lowered to achieve the correct area in our numerical solution. A similar idea was used by Chernyshenko 4 in computing strati ed Sadovskii ows in a channel. There circulation was xed in the iterations instead of area. On the basis of our previous work 9 w e expect to obtain vortices attached to the boundary when = 0, isolated vortices when 0; and strips of vorticity along the entire boundary when 0. We next describe the discretization of the problem.
First we transform the region in the upper half z,plane exterior to a circle around the origin of radius 1, by the mapping w = i lnz, to a semi-in nite strip. Since the Laplacian, z in the z-plane, transforms to jdw=dzj 2 w , we can write the transformed di erential equation for ; = x; y a s = !F , e 2 : The boundary condition on is = 0 , 0 the stream function for potential ow, on the boundary where 0 = 0 and at in nity. We can write 0 = r,r ,1 sin in polar coordinates in the z-plane and this transforms to 0 = ,2 sinh sin in the w-plane, w = + i. Then = , 0 solves a nonlinear Poisson equation with boundary values zero on the sides and bottom of the strip , 0; 0 and at in nity.
We discretize the Laplacian with the standard ve point stencil using a uniform mesh in the w-plane. To obtain a nite problem we truncate the strip at a nite height, and apply at the top a Robin-type numerical boundary condition a linear relation between and @=@ which is exact for decaying solutions of the discrete Laplace equation on the strip. The support of the vorticity i n a n y solution obtained must be below the truncation boundary in order for this to be strictly correct. This can be checked after the fact. The equation for is solved by a form of successive approximations. This allows us to use a fast Poisson solver at each iteration step. Also we can avoid having to deal with the non-di erentiability of the right hand side, as we w ould have t o d o i f a form of Newton's method were used.
A more detailed description of the algorithm will now be given. After linear interpolation on the sides where a sign change occurs we assume that the grid function is linear in a neighborhood of these points and calculate accordingly the appropriate area in the computational domain. The grid in the physical domain is a polar grid, so the ratio of the area of each physical domain grid rectangle" to the area of the corresponding computation grid rectangle can be determined exactly. We multiply by this ratio on each grid element and add over all grid elements to obtain the area jf , 0 gj. In our computations we have made the tolerance A used in assessment of the required area equality 2.3 comparable to the area of one grid rectangle in the computational domain. The numerical scheme can be summarized as follows:
A Specify , the desired vortex area A, an error tolerance A , and make an initial guess for the vortex region.
B Find by bisection or the secant method the vorticity level ! and the corresponding solution n+1 to 2.2 so that 2.3 is satis ed with tolerance A .
C If the new vortex region f n+1 g di ers from the previous vortex region at any grid point, return to step B. Typically, using the secant method, item B requires about 4 iterations, each requiring a call to the fast Poisson solver. The number of outer iterations returning from C to B depends on the grid size, and is roughly proportional to the number of points along each side of the grid. is solved only once in each outer iteration. Then = n+1 is varied so that the area equality is satis ed. The number of outer iterations for this version of the algorithm is on the same order as indicated in the previous paragraph. Since the fast Poisson solver is the most time consuming part of the procedure, this modi ed algorithm is faster that the original. The exploration of various families of solutions requires speci cation of other parameters, e.g. vorticity or circulation. In particular, we h a ve created a Fortran function which nds a solution, including !;with area as input, and used this, together with Brent's algorithm 12 for solving equations in one variable to nd solutions with ! prescribed. Further information will be given in conjunction with the description of results.
We close this section by remarking that the basic algorithm may be thought o f a s formally extremising the Dirichlet integral over functions satisfying the constraint jf gj = A. The vorticity then arises as a Lagrange multiplier for the constraint.
Results.
We have found several families of symmetric ows past a circular cylinder by solving the equation 2.1 using the iteration and discretization described above. The general partial di erential equation problem that is being solved can be expected to have many solutions, and the ones obtained depend on the set of initial guesses that we h a ve c hosen. Nevertheless, there is good reason to believe that that the set of all solutions possible is well represented by the set that we will give. To test this we h a ve given initial guesses in which the vorticity is randomly distributed over the ow domain. The solutions obtained all belonged to one of the families described below.
In describing the possible solutions to equation 2.1 we note that there is a symmetry with respect to re ection across the vertical axis: If x; y solves equation 2.1, then ,x; y also solves equation 2.1 for the same f. In the discussion below, for each solution in which the vortex region R is not symmetric with respect to the y-axis, there is another solution for which the vortex region is the re ection of R in the y-axis. These re ected solutions will not be explicitly mentioned below. We have used a computational rectangle of height in these calculations and h = = = 2 ,n :We h a ve tested the algorithm with n between 8 and 11 and used n = 8 o r n = 9 for the graphs that appear here. The radius of the truncating boundary circle in the physical domain is then e . The boundary condition prescribed on the truncating boundary was designed so that moving the truncating boundary further out has no e ect on the numerical solution, and we did experiments to verify that this is indeed the case. For a given A the computed solutions vary slightly depending on the initial guess. The deviation in the computed attachment points on the circle and on the x-axis, among the various computed solutions for a given A, w as observed to be at most 2 grid points for A 15. For 15 A 60, this deviation is at most 3 grid points. Thus the maximum error in determining the attachment point on the circle can be estimated to be 2h for A 15 and 3h for 15 A 60. In determining the attachment point on the x-axis, these error estimates should be multiplied by x due to the exponential nature of the coordinate transformation in the radial direction. There is also some deviation in the computed values of !: for A = 20, ! varied between 1.3358 and 1.3399 for n = 8 , between 1.3365 and 1.3378 for n = 9 , b e t ween 1.3368 and 1.3372 for n = 10, and is 1.33689 for n = 11.
Previous calculations of an attached vortex were made by Goldshtik 16 . He calculated the ow from a given position of the separation point on the cylinder: the point at an angle =3 from the positive x-axis. Quantitatively our results do not agree very closely with his. Resolving the discrepancy between our results and his is di cult due to lack of information on how his results were obtained. The values of ! and the total circulation = !Afor this family are plotted as functions of area A in Figure 3 . The asymptotically linear relationship that appears between A and 2 is consistent with the fact that 2 =A is constant for the Sadovskii vortex.
There are also two families of symmetric attached vortices. The rst of these families can be parametrized by A for all positive values of A: For large A the boundary is convex and the aspect ratio asymptotically approaches the same limit as above for area tending to in nity. As A is decreased a dimple forms, and eventually at A 15 the vortex separates into symmetric parts as shown in Figure 4 . This will be discussed further below.
For small values of A there is a second family of symmetric vortices attached to the top of the circle. These are shown in Figure 5 . For each v alue of A : 7 there are two solutions in the family. At one end of the family, for A :2 the vortex support consists of two symmetric regions. A similar looking family of vortices for non-symmetric ow past a circular cylinder with a single attached vortex computed using boundary collocation is given in 14 .
We note that there are other solutions with = 0 in which the vortex is attached only to the x-axis, not to the obstacle: namely slight perturbations of a Sadovskii vortex far upstream or downstream from the obstacle. We will not discuss these solutions further. For A small , large these point v ortex desingularizations have been obtained elsewhere by other methods 7 , 26 . We can continue these desingularizations shown in Figure 4 , and there is a 2 7:8 such that for all 0 2 the point vortex can be connected to one of the symmetric attached vortex regions shown in Figure 5 , while for 2 1 there is 0 such that the corresponding family of isolated vortices contains solutions only for ,1 :
Symmetric point v ortex pairs can likewise be joined via this continuation process to each of the disconnected symmetric attached vortices shown in Figure 4 . However, only a short range of that end of the locus of symmetric point vortices Figure 12 shows streamline plots for ows near the two extremes of the family in Figure 9 . In this case the recirculant streamlines are not only more elongated for the attached vortex ow, but even have a di erent topology than in the case of the point v ortex ow with the same .
Nearly all the isolated vortices we h a ve found belong to one of the families just described. However it appears that not all attached vortices can be joined by a continuous constant-circulation family to a point v ortex or vortex pair. The largest of the attached disconnected symmetric vortices has a circulation slightly larger than 29. There are also con gurations of three vortices, with all circulations positive, with two symmetric vortices near the corners and a third vortex on the axis. For example, an in nitesimally weak vortex can be placed at the stagnation point a b o ve the body in Figure 12 , and its strength area can then be increased. In neither of these For some of these computations we doubled the height of the computational rectangle, which corresponds to increasing the radius of the truncating boundary circle from e to e 2 . This doubling of the computational domain resulted in no discernable change in the solution graphs in the gures that follow, but was necessary to obtain the accuracy needed in determining the relationship between and ! in Figure 14 below.
For xed ! we h a ve found two families of symmetric solutions for positive . For the rst of these families the limiting ow a s ! 0 is the ow with no vortex, i.e. potential ow. This family is illustrated in Figure 13a .
For the second symmetric family, shown in Figure 13b , the = 0 solution is the symmetric attached vortex with the same !. We can also nd a family continued from an attached vortex behind the cylinder. This is illustrated in Figure 13c . For all three families the continuation cannot be carried out past a critical value of which depends on !;but is the same for all three families. Thus the set of all solutions appears to be connected in some sense. A graph of the maximal as a function of ! is given in Figure 14 . Calculations indicate that each attached vortex shown in Figures 2 and 4 , but none of those in Figure 5 , can be perturbed to a ow with unbounded vortex support. A streamline plot for the solution for the maximal value of is given in Figure 15 . It appears that for all 0 there is recirculation near each of the corners where the semicircle intersects the x-axis. For the rst of these families these regions of recirculation may be very small, as in Figure 16 . For the second family the region of recirculating ow gets smaller as increases. Figure 17 show s a t ypical streamline plot. For the unsymmetric family Figures 13c and 18 , as increases the recirculation region behind the semicircle gets smaller while the recirculation region in front increases until symmetry is reached at the maximal value of : Figure 18 . Streamline plot for the unsymmetric vortex with ! = 1; = :25:
Analysis of the corresponding ows when there is no circle may help shed some light on our observations concerning these vortices. For the upper half-plane the stream function for such o ws will be given by = u w y + ! 2 y 2 ; ; U y + k; ; where the constant u w is the velocity along the x,axis and U is the potential ow velocity. Di erentiability o f implies that u 2 w = U 2 ,2 !: Taking U = 1 ; it follows that there are two solutions for 1=2!: Figure 14 shows that the set of ; ! for which there are solutions with positive is nearly the same with or without the circular obstacle for ! 1, the presence of the obstacle restricting the range of as ! increases. The solutions with u w 0 and u w 0 correspond respectively to the rst and second families of solutions shown in Figure 13 . The third family in Figure 13 arises from the matching of a solution from the rst family in the fareld upstream with a solution from the second family in the far-eld downstream, the presence of the obstacle causing a change in the direction of the ow along the x,axis. This provides some explanation of the perhaps surprising fact that all three families four counting the re ection of the third family come together at the same maximal .
4.
Discussion. An attempt has been made to give a complete catalogue of single vortex ows past a semicircular bump in a half space. Figure 19 gives a summary of the solutions we h a ve obtained. Each stationary single point v ortex or symmetric point v ortex pair can be desingularized to a family of isolated vortices 0 with the same circulation. In many cases for those point v ortices in the ranges indicated by larger dots in Figure 19 the resulting family of xed circulation isolated vortices can be continued to an attached vortex = 0. Except for the small family of vortices which are attached entirely to the semicircle those in Figure 5 , each attached vortex can be perturbed to a family of unbounded vortices for a certain range of 0. The limiting ow if viscosity tends to zero for steady, viscous ow past a circular cylinder is believed to be a scaled version of Sadovskii ow with length and width proportional to the Reynold's number 10 , 3 , 5 . The possible role of the ows described here as intermediate cases in this limit or as the result of such things as blowing or suction in the viscous ow lie outside the scope of this paper.
The tools we have used can be generalized in many directions. Other shapes than a circle and nite dimensions for the ow domain can be introduced. This requires only a di erent conformal mapping and a careful treatment of possible singularities of the stream function at corners of the ow domain in order that numerical accuracy be retained. Asymmetry and or multiple vortices require a more general algorithm. In particular, multiple area constraints will have to be simultaneously satis ed if several vorticities are to be obtained. We plan to return to this interesting problem. As discussed in 9 , the corresponding axisymmetric problem lends itself to similar methods.
